We present a detailed study of a continuum random phase approximation approach to quasielastic electron-nucleus and neutrino-nucleus scattering. The formalism is validated by confronting (e, e ′ ) cross-section predictions with electron scattering data for the nuclear targets 12 C, 16 O, 40 Ca, in the kinematic region where quasielastic scattering is expected to dominate. We examine the longitudinal and transverse contributions to 12 C(e, e ′ ) and compare them with the available data. Further, we study the 12 C(νµ, µ − ) cross sections relevant for accelerator-based neutrino-oscillation experiments. We pay special attention to low-energy excitations which can account for non-negligible contributions in measurements, and require a beyond-Fermi-gas formalism.
I. INTRODUCTION
The quest for a completion of our knowledge of neutrino-oscillation parameters has made tremendous progress in recent years. Still, neutrino-oscillation experiments face a number of challenges. Major issues are the identification of the basic processes contributing to the neutrino-nucleus signal in a detector and the reduction of the systematic uncertainties. A thorough understanding of the complexity of the nuclear environment and its electroweak response at low and intermediate energies is required. Charged-current quasielastic (CCQE) processes account for a large share of the detected signal in many experiments. Although several cross section measurements have been performed [1] [2] [3] [4] [5] [6] [7] , uncertainties connected to the electroweak responses persist [8, 9] .
Despite substantial progress in the understanding of the different processes involved in the signal of neutrinooscillation experiments, the simulation codes are primarily based on a Fermi-gas description of the nucleus. Relativistic Fermi Gas (RFG) based models are employed in Monte Carlo generators. The RFG provides a basic picture of the nucleus as a system of quasifree nucleons and takes into account the Fermi motion and Pauli blocking effects. The analysis of electron-scattering data suggests that at momentum transfers q ≈ 500 MeV/c, the RFG model describes the general behavior of the quasielastic (QE) cross section sufficiently accurate, but its description becomes poor for smaller momentum transfers, where nuclear effects are more prominent. Since the neutrino flux in the oscillation experiments is distributed over energies from very low to a few GeV, the cross section picks up contributions from all energies. The low * Vishvas.Pandey@UGent.be † Natalie.Jachowicz@UGent.be excitation-energy cross sections do not receive proper attention in an RFG description. Furthermore, even at higher incoming neutrino energy, the contributions stemming from low transferred energies are not negligible. At low energy transfers, the nuclear structure certainly needs a beyond RFG description. Several studies emphasizing the low energy excitation in the framework of neutrino-nuclear interactions [10] [11] [12] [13] [14] In this paper, we present a continuum random phase approximation (CRPA) approach for the description of QE electroweak scattering off the nucleus, crucial for accelerator-based neutrino-oscillation experiments. We pay special attention to low-energy nuclear excitations. In this context, the availability of a large amount of highprecision electron-nucleus scattering data is of the utmost importance, as it allows one to test the validity of the reaction model.
Several models have been developed to study electronnucleus scattering and further generalized to describe neutrino-nucleus cross sections [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . An extensive test against the inclusive quasielastic electron-scattering is performed within an RFG and plane-wave impulse approximation approach in Ref. [30] while a spectral function based approach is validated in Ref. [26] . The model we adopt takes a mean field (MF) description of nuclear dynamics as a starting point and additionally implements long-range correlations through a CRPA framework with an effective Skyrme nucleon-nucleon two-body interaction. We solve the CRPA equations by a Green's function approach. Thereby, the polarization propagator is approximated by an iteration of its first-order contribution. In this way, the formalism implements the description of one-particle one-hole excitations out of the correlated nuclear ground state. To improve our description of the kinematics of the interaction at intermediate energies, we
The inclusive processes considered in this paper: (a) QE electron-nucleus and (b) CCQE neutrino-nucleus (l = e, µ, τ ), where X is the undetected hadronic final state.
implemented an effective relativistic approach proposed in Refs. [27, 28, 35] .
The article is organized as follows. In Sec. II, we outline the details of the QE electron and neutrino-nucleus cross section formalism. We describe the CRPA framework for calculating nuclear responses. Sec. III, is divided in two parts. In Sec. III A, we present numerical results of electron scattering cross sections (on a variety of nuclear targets), and responses (on 12 C) and compare them with the available data. In Sec. III B, we discuss neutrino-scattering results in the context of acceleratorbased neutrino-oscillation experiments. We pay special attention to low-energy neutrino-induced nuclear excitations. Conclusions can be found in Sec. IV.
II. FORMALISM
In this section, we describe our CRPA-based approach for the calculation of the nuclear response for inclusive electron and neutrino-nucleus scattering in the QE region. This approach was successful in describing exclusive photo-induced and electron-induced QE processes [36, 37] , and inclusive neutrino scattering at supernova energies [38] [39] [40] [41] [42] [43] . We have also used this approach to calculate the inclusive CCQE antineutrino-nucleus scattering cross sections at intermediate energies [44] . Here, we are using an updated version of the same formalism.
We consider QE electron and CCQE neutrino scattering off a nucleus under conditions where the details of the final hadron state remain unobserved. As shown in Fig. 1 , an incident electron (neutrino) with fourmomentum E i , k i (ε i , κ i ) scatters off a nucleus via the exchange of a photon (W -boson) and only the outgoing charged lepton with four-momentum
and
where l represents e, µ, or τ . Further, A is the nucleus in its ground state |J i , M i and X is the unobserved hadronic final state.
The double differential cross section for electron and neutrino-nucleus scattering of Eqs. (1) and (2) can be expressed as
where α is the fine-structure constant, G F is the Fermi coupling constant and θ c is the Cabibbo angle. The direction of the outgoing lepton is described by the solid angle Ω. The lepton scattering angle is θ, the transferred four-momentum is q µ (ω, q) and
is introduced in order to take into account the distortion of the lepton wave function in the Coulomb field generated by Z ′ protons, within a modified Effective Momentum Approximation [45] .
The σ 
where the leptonic factors, v 
Longitudinal R L e and transverse R T e response functions are defined as 
and response functions
R are the Coulomb, longitudinal, transverse magnetic and transverse electric operators, respectively [46, 47] .
To calculate the nuclear response functions, we use the CRPA approach which is described in detail in Refs. [36] [37] [38] [39] . Here we will briefly present the essence of our model. We start by describing the nucleus within a mean-field (MF) approximation. The MF potential is obtained by solving the Hartree-Fock (HF) equations with a Skyrme (SkE2) two-body interaction [36, 37] . Filling the boundstate single-particle orbitals according to the angular momentum rules automatically introduces Pauli-blocking. The continuum wave functions are obtained by integrating the positive-energy Schrödinger equation with appropriate boundary conditions. In this manner, we account for the final-state interactions of the outgoing nucleon. Still the potential cannot account for processes whereby the struck nucleon is reabsorbed. Once we have bound and continuum single-nucleon wave functions, we introduce the long-range correlations through a CRPA approach. We solve the CRPA equations with a Green's function formalism. The RPA describes a nuclear excited state as the linear combination of particle-hole (ph −1 ) and hole-particle (hp −1 ) excitations out of a correlated ground state
where C denotes the full set of quantum numbers representing an accessible channel. The Green's function approach allows one to treat the single-particle energy continuum exactly by treating the RPA equations in coordinate space. The RPA polarization propagator, obtained by the iteration of the first-order contributions to the particle-hole Green's function, is written as
where E x is the excitation energy of the target nucleus and x is a shorthand notation for the combination of the spatial, spin and isospin coordinates. The Π (0) in Eq. (22) corresponds to the MF contribution to the polarization propagator andṼ denotes the antisymmetrized nucleon-nucleon interaction. The MF responses can be retrieved by switching off the second term in the above equation. Fig. 3 shows different components contributing to the polarization propagator.
Our approach is self-consistent as we use the same SkE2 interaction in both the HF and CRPA equations. The parameters of the momentum-dependent SkE2 force are optimized against ground-state and low-excitation energies properties [48] . Under those conditions the virtuality Q 2 of the nucleon-nucleon vertices is small. At high virtualities Q 2 , the SkE2 force tends to be unrealistically strong. We remedy this by introducing a dipole hadronic form factor at the nucleon-nucleon interaction vertices
where we introduced the free cut-off parameter Λ. We adopt Λ = 455 MeV, a value which is optimized in a χ 2 test of the A(e, e ′ ) theory-experiment comparisons reported in Sec. III A.
The influence of the nuclear Coulomb field on the lepton is taken into account by means of an effective momentum approximation (EMA) [45] . In order to take into account the reduced lepton wavelength, the threemomentum transfer is enhanced in an effective way
where R = 1.24 A 1/3 fm. The lepton wave functions are modified accordingly
where E (E ef f ) is energy (effective-energy) of the outgoing lepton. Our description of the nuclear dynamics is based on a nonrelativistic framework. For q > 500 MeV/c, the momentum of the emitted nucleon is comparable with its rest mass, and relativistic effects become important. We have implemented relativistic corrections in an effective fashion, as suggested in Refs. [27, 28, 35] . In these references, it is shown that a satisfactory description of relativistic effects can be achieved by following kinematic substitution in the nuclear response
where λ = ω/2M N and M N is the nucleon mass. The above substitution produces a reduction of the width of the one-body responses and a shift in the peak towards smaller values of ω. The correction becomes sizable for q 500 MeV/c.
III. RESULTS
In order to validate our model, we start with the calculation of (e, e ′ ) cross sections on different nuclei, and response functions for electron scattering off 12 C, in subsection III A. We confront our numerical results with the data of Refs. [49] [50] [51] [52] [53] [54] [55] [56] [57] . We discuss the neutrino scattering results in subsection III B.
A. Electron scattering
In this subsection, we present our results for the QE A(e, e ′ ) cross sections. For any given E i , the nuclear response depends on the q µ . Energy transfers below the particle knockout threshold result in nuclear excitations in discrete states. At slightly higher energies, the giant dipole resonance (GDR) shows up. Only at substantially higher energy one can distinguish the peak corresponding to QE one nucleon knockout. In an ideal case, if an electron scatters from a free nucleon, one would expect a narrow peak at ω = Q 2 /2M N . Deviations from that peak are due to the nuclear dynamics. The heavier the target nucleus, the wider the peak. The shift of the peak is due to the nuclear binding and correlations.
For the two vector form factors entering in the responses, we use the standard dipole parameterization of Ref. [58] . In Fig. 4 we present results of our numerical calculations for 12 C(e, e ′ ). We compare CRPA and MF predictions with the measurements performed at the Saclay Linear Accelerator [49] , Bates Linear Accelerator Center [50] , at the Stanford Linear Accelerator Center [51, 53] , Yerevan electron synchrotron [52] , and at DESY [54] . The comparison is performed over a broad range of three and four momentum transfers: 95 |q| 1050 MeV/c, and 0.009 Q 2 0.900 (GeV/c) 2 . Our predictions are reasonably successful in describing the data over the broad kinematical range considered here. Moreover, they compare favorable with the cross-section results of Refs. [26, 30] . The most interesting feature of our results is the successful prediction of the nuclear excitations at small energy (ω < 50 MeV) and momentum transfers (|q| < 300 MeV), well below the QE peak. • to 145
• , for a fixed energy, as evident from panel (c) to (e) for an incoming energy of 160 MeV. Even for higher incoming electron energies the cross-section measurements at smaller scattering angles are still dominated by QE processes. Obviously, the measured cross sections include contributions from channels beyond QE, like ∆-excitations, evident as the second peak in the data, and 2p-2h contributions. Our description is restricted to QE processes and further work is in progress on the role of processes beyond QE ones [59] .
The double differential 16 O(e, e ′ ) cross sections are shown in Fig. 5 . Our numerical calculations reasonably describe the QE parts of the measurements performed at ADONE [55] and at the Bates Linear Accelerator Center [50] . Further, the calculations for the heavier target 40 Ca are presented in Fig. 6 . Again, the comparison with the experimental data taken at Bates Linear Accelerator Center [56] is fair.
In Fig. 7 we compare cross sections obtained with two different parameterizations of the single-nucleon wave functions and nucleon-nucleon residual interactions. The Landau Migdal (LM) [60] and SKE2 [37, 61] yield similar cross sections while the use of Woods-Saxon (WS) [34] wave function slightly shifts and reduces the strength of the cross section. This can be attributed to the fact that the HF wave functions have larger high-momentum components than the WS ones.
The (e, e ′ ) cross section receive contributions from the longitudinal and transverse components, as can be seen in Eq. (3). A separation of these two response functions provides further detail about the target dynamics. It is worth mentioning that the experimental values of responses are extracted from a set of cross-section measurements using a Rosenbluth separation [62] . The data of Ref. [57] is determined by a reanalysis of the world data on (e, e ′ ) cross sections. Interestingly, that resulted in a significant difference from the measurements of Ref. [49] , as can be seen in panel (b) of Fig. 8 . The comparison between our predictions on 12 C with the experimental data of Refs [49, 57] is quite satisfactory. The longitudinal responses are overestimated and the transverse responses are usually underestimated. Our predictions are in-line with the ones predicted in Ref. [57] and with the continuum shell model predictions of Ref. [63] . It is long known, that the inclusion of processes involving meson exchange currents (MEC) are needed to account for the transverse strength of the electromagnetic response [64, 65] . The calculations carried out on light nuclei overwhelmingly suggest that single-nucleon knockout processes, such as in this work, are dominant in the longitudinal channel while in the transverse channel two-nucleon processes provide substantial contributions.
B. Neutrino scattering
The calculation of 12 C(ν l , l − ) response functions involve two vector form factors and one axial form factor. We use the BBBA05 parameterization of Ref. [66] for the two vector form factors, and the standard dipole [67] [68] [69] .
In Fig. 9 we display different contributions to the total 12 C(ν µ , µ − ) cross section, as a function of the incoming neutrino energy. The axial contribution is larger than the vector one. Related to this, neutrino cross sections are dominated by the transverse current.
Electron scattering cross section measurements are typically performed for a fixed incoming electron energy and scattering angle. As neutrinos are produced as the secondary products of a decaying primary beam, the interacting neutrino's energy is not sharply defined. The initial neutrino energy is reconstructed using the kinematics of the final outgoing lepton. This is a major source of uncertainty whereby nuclear structure can have an important influence.
The neutrino flux in oscillation experiments typically covers a wide energy range from about 100 MeV to a few GeV. The cross section measured at a single energy and scattering angle of the outgoing lepton picks up contributions from scattering processes at different energies, with varying weights. In Fig. 10 , we show the differential cross section (in outgoing muon energy) for 200 E ν 1500 MeV. It is evident from the figure that with increasing E ν the strength of the cross sections shift in muon energy. Also, there is clear signature of the low ω excitations even at neutrino energies around the peak of the MiniBooNE and T2K ν µ spectra.
The measured cross sections are flux-folded double differential in outgoing muon kinetic energy T µ and scattering angle cos θ µ . In order to illustrate the low-energy excitations and general behavior of double differential 12 C(ν µ , µ − ) cross sections at fixed energies, we display in Fig. 11 the double differential cross sections for E ν = 200, 800 and 1500 MeV. With the increase in incoming neutrino energy, the strength shifts in forward direction and the width of giant resonances reduces. In Fig. 12 , we plot the double differential cross section at different fixed values of cos θ µ . For E ν = 150 MeV, the double differential cross section is dominated by low-lying nuclear excitations, as evident from panel (a). For neutrino energies around the mean energy of the MiniBooNE [1] and T2K [6] fluxes, E ν = 800 MeV (panel (c)), the nuclear collective excitations are still sizable at forward muon scattering angles. The same feature is still visible for very forward scattering off neutrinos with an energy of 1200 MeV (panel (d) ). The contribution of collective excitations to neutrino-nucleus responses can not be accounted within the RFG-based simulation codes. As evi-dent from the results presented here, they can account for non-negligible contributions to the signal even at higher neutrino energies.
In Fig. 13 , we show the transverse and Coulomblongitudinal contribution to the double differential cross sections. For cos θ µ = 0.99, the Coulomb longitudinal contribution of the quasielastic cross section is comparable to the transverse one. The transverse contribution dominates the cross section as soon as one moves away from the very forward direction. This feature along with the giant resonance contribution to forward scattering cross sections accounts for most of the strength at very small momentum transfers. Theoretical models, which do not predict this behavior tend to underestimate the cross section for forward scattering angles, as discussed in Ref. [70] .
IV. CONCLUSIONS
We presented a detailed discussion of CRPA predictions for quasielastic electron-nucleus and neutrinonucleus responses.
We assessed inclusive quasielastic electron-nucleus cross sections on 12 C, 16 O and 40 Ca. A kinematic region of, 95 |q| 1050 MeV/c, is taken into account where quasielastic scattering is expected to be the dominant process. We confronted our predictions with highprecision electron-scattering data. We separated the longitudinal and transverse responses on 12 C, for 300 |q| 570 MeV/c, and compared them with the data. A reasonable overall description of the data, and especially the low-energy nuclear excitations (ω < 50 MeV), confirms the reliability of our model.
We have calculated 12 C(ν µ , µ − ) cross sections, relevant for accelerator-based neutrino-oscillation experiments. We illustrated how low-energy nuclear excitation are induced by neutrinos. We drew special attention to contributions where nuclear-structure details become important, but remain unobserved in RFG-based models. We show that low-energy excitations can account for non-negligible contributions to the signal of acceleratorbased neutrino-oscillation experiments, especially at forward neutrino-nucleus scattering.
